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Abstract 
Brualdi, R.A. and B.L. Shader, Matrices of O’s and l’s with restricted permanental minors, 
Discrete Mathematics 96 (1991) 161-174. 
We consider the problem of characterizing the matrices of O’s and l’s whose permanenta! 
minors are restricted to a prescribed set. 
Let A = [aJ (i, j = 1,2, . . . , n) be a (0, l)-matrix of order n. The permanent of 
A is defined by 
per A = C ali,a2iz * l l a,in, 
where the summation extends over all permutations (i,, i2, . . . , i,) of 
U 2 9 9 - * l 9 n}. Let i and j be integers with 1 c it j s n. The submatrix of A of 
order n - 1 obtained by deleting row i and column j is denoted by A(i, j). We call 
per A(i, j) the permanental minor of the entry aij in the (i, j) position of A. The 
permanent of a (0, 1)-matrix is the sum of its permanental minors of the nonzero 
entries in any row or column. We make implicit use of this simple fact throughout 
the paper. Let 
M(A)= {perA(i, j): l&, jcn}, 
the set of permanental minors of A. 
Let Jn denote the all l’s matrix of order n. Let 1, denote the identity matrix of 
order n and let P, (n 2 2) denote the permutation matrix with l’s in positions 
(1,2), (293) . - - , (n - 1, n), (n, 1). Brualdi and Foregger [2] conjectured and 
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Bapat [I] proved that if the set M(A) of permanental minors of A consists of a 
single positive integer c, then either A = Jn and c = (n - l)! or, after row and 
column permutations, A = In + P, and c = 1. 
Leta:/3C{l,2,..-, n}. Then A[al/3] denotes the submatrix of A determined 
by the rows and columns whose indices are in (Y and /3, respectively. 
Let i and j be integers such that a0 = 1, and suppose that row i and column j 
each contain exactly two 1’s. There exists a unique integer r #i such that arj = 1 
and a -unique integer s #j such that ai, = 1. If a,s = 0, then we say that A is 
contractible by the 1 in position (i, j). Let B be the matrix of order n - 1 obtained 
from A by replacing the 0 in position (r, s) with ;P 1 and deleting row i and column 
j. Then B is the matrix obtained from A by contracting the 1 in position (i, j). 
More generally, a matrix B obtained from A by successively contracting l’s is 
called a contraction of A and we say that A is contractible to B. The permanent of 
a contraction of A equals the permanent of A. When convenient we view B as a 
matrix obtained from a submatrix A[&[/31 of A by replacing certain O’s with l’s, 
and then we regard the rows of B as indexed by the elements of (Y and the 
columns by the elements of #k For each 0 of A[a$] which is a 1 in B, we 
may arrange the contraction so that it is the last 0 of A[@] which is replaced 
withal. 
If n 2 3, the matrix In + P, is contractible to J2. Let c be a positive integer. It 
follows from Bapat’s Theorem that up to contraction there is at most one 
(0, I)-matix all of whose permanental minors equal c. Let S be a finite set of 
nonzero numbers. We show that up to contraction there are at most a finite 
number of matrices A such that M(A) s S. Let S = { 1, c} where c 2 2. Up to 
contraction we determine all matrices A with M(A) c S. Each permanental minor 
of a matrix which is contractible to J3 has value 2 or 4. Let S = (2, 4). We also 
determine, u; to contraction, all matrices A with M(A) c S. If S = (4, 5)) we 
show that there is no matrix A with M(A) c_ X 
2. Matrices with bounded permanental minors 
Let A be a (0, 1)matrix of order n. The matrix ,4 is called partly decomposable 
provided it has an r by s zero submatrix for some positive integers r and s with 
r + s = n. If A is not partly decomposable, then A is f.& indecomposable. If ,4 
is fully indecomposable and n 2 2, then A hzs at least two l’s in each row 
and column. It follows from thF: Frobenius-Kiinig theorem that if cl > 1, then A 
is fully indecomposable if and only if all of its permanental minors are positive. 
Let A be a fully indecomposable (0, 1)-matrix of order rz. Let a(A) denote the 
number of l’s of A, and let d be the maximum number of l’s in a row of A. We 
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shall make use of the following well-known inequalities of Mint (see 131). 
per A 2 A; 
perAaa(A)-2n+2. 
Equality holds in (1) if and only if the row sums of A are 2, . . . ,2, A. 
The following result is due to Brualdi and Foregger [2]. 
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(1) 
(2) 
Lemma 1. Let A = [aij] be a fully indecomposable (0, l)-matrix with at least three 
l’s in each column. There exist integers r and s such that am = 1 and A@, s) is filly 
indecomposable. 
Our first theorem implies that up to contraction there are only a finite number 
of fully indecomposable (0, I)-matrices whose permanent is at most a prescribed 
integer c. 
Theorem 2. Let c 3 1. There exists a positive integer N G 8c so that the following 
holds : Let A be a fully indecomposable (0, Q-matrix of order n 2 N. Then either 
A is contractible or per A > c. 
Proof. If c = 1, then it suffices to take N = 1. Now assume that c > 1. Let 
A = [a,l be a fully indecomposable (0, l)-matrix of order n with per A G c and 
n 2 8c. By (2), 
caperAaa(A)-2n+2. 
Thus, 
o(A)<2n +c-222n +c. 
Since A has at least two l’s in each row (respectively, column), the number of 
rows (respectively, columns) with more than two l’s is at most c. Without 10~s of 
generality, we assume that there are exactly two 
and in each of the first n - c columns of A. Let l’s in each of the first n - c rows 
A= 
B C [ 1 L? E’ 
where B = [b,] has order n - c. Since there are 
a(D) s 3c. Similarly, a(C) G 3c. Because A is 
most c - 1 zero rows. Thus, 
at most 3c l’s in the last c rows, 
fully indecomposable, B has at 
It follows that there exist integers i and j with 15 i, j s n - c, such that b,, = 1 and 
both row i and column j of B have two 1%. Since A is fully indecomposable, A is 
contractible on the 1 in position (i, j). Cl 
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We now consider 
prescribed number. 
matrices whose permanental minors are bounded by a 
Lemma 3. Let c 3 1, and let A be a fully indecomposable (0, l)-matrix of order 
n 3 c with per A(i, j) s c (1 d i, j < n). Then A has a column (respectively, row) 
with three or fewer 1’s. 
proof. Assume that every column of A has at least four 1’s. By Lemma 1, there 
exist integers r and s such that a, = 1 and A(r, s) is fully indecomposable. By (2), 
c 3 per A(r, s) 3 a(A(r, s)) - 2(n - 1) + 2. 
Thus at most c - 2 columns of A(r, s) have more than two 1’s. Since A(r, s) has 
n - 13 c - 1 columns, some column of A(r, s) has two or fewer 1’s. The 
corresponding column of A has three or fewer l’s, contradicting our 
assumption. Cl 
Corollary 4. Let c 3 1. There exists a positive integer N G 24~ such that the 
following holds: Let A be a fully indecomposable (0, Q-matrix of order n 2 N. 
Then either A is contractible or some permanental minor of A is greater than c. 
Proof. Suppose that A is a fully indecomposable (0, 1)-matrix of order n 2 24~ 
and the permanental minors of A are at most c. By Lemma 3, A has a column 
with at most three l’s, and hence per A G 3c. The result now follows from 
Theorem 2. Cl 
We now investigate the effect of contraction on the set of permanental minors 
of a matrix. 
Lemma §. Let A = [au] be a (0, 1)matrix of order n and let B be obtained from A 
by contracting on the 1 in position (p, q). Then 
WA) = M(B) lJ {P-VP9 4)b 
If A is fully indecomposable, then B is also fully indecomposable. 
Proof. Without loss of generality, we assume that p = q = I., a, 1 = a 12 = azl = 1 
and a22 = 0. We have 
per A(& j) = per B(i - 1, j - 1) (i, j = 2, . . . , n), 
per A(1, j) = per B(l, j - 1) (j = 2, . . . , n), 
per A(i, 1) = per B(i - 1, 1) (i = 2, . . . , n). 
Every pmnanental minor of B has the same value as a permanental minor of A. 
Eence, if A is fully indecomposable then so is B. R 
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Lemma 6. Let B ?w the matrix obtained from the (0, I )-matrix A by contracting 
onto the submatrix A[mijY]. Let W &e the set of positions (u, v) such that u E a, 
v E /3, the (u, v)-entry of A is 0 and the (u, v)-entry of B is 1. Then 
M(A) = M(B) U (per B -per B(u, v)I (u, v) E W}. 
Proof. First assume that W contains exactly one element (u, v). Then after row 
and column permutations we have 
A= 
‘1 
1 -=. 
. . . 1 
1 1 
1 
1 
! 444 
where those entries not specified equal 0. The permanental minors of the 
displayed l’s of A on the main diagonal have the common value 
per A[c#] = per B - per B(u, v). 
By successively contracting the displayed l’s on the main diagonal, we obtain by 
application of Lemma 5 
M(A) = M(B) U {per B -per B(u, v)}. 
The lemma now follows by induction on the cardinality of the set W. Cl 
Let S be a finite set of nonzero numbers. Let A be a fully indecomposable 
(0, l)-matrix and let B be a matrix such that A is contractible to B. It follows 
from Lemma 5 that M(A) c_ S implies M(B) c S. But, M(B) c S does not in 
general imply that M(A) c S. For example, let S = (2)) B = J3 and 
[ 
1 1 0 0 
A= 
1 0 1 1 
0 1 1 1 
0 1 1 1  (3) 
Then A is contractible to B and M(B) = S, but M(A) = (2, 4). 
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Theorem 7. Let s be a finite set of nonzero integers. Up to contraction there are a 
finite number of (0, I)-matrices A with M(A) c S. 
Roof. Let c be the largest integer in S. Let A be a matrix with M(A) c S. There 
exists a matrix B such that ,4 = B or A is contractible to B and B is not 
contractible. By Lemma 5, M(B) c S. By Corollary 4, the order of B is at most 
24c. 0 
3. Matrices with permanental minors restricted to two values 
Let S = {c, d) where c and d are positive integers with c 2 d. Let 9(S) denote 
the set of all noncontractible (0, 1)-matrices A such that each permanental minor 
of A equals c or d. By Theorem 7, P(S) is a finite set. We now seek to determine 
the matrices in P(S). In general, this problem seems very difficulr. Indeed, it 
seems difficult just to decide whether or not P(S) is non-empty. If U! E S for some 
positive integer n, then Jn+l E .9(S). The determination of the matrices in P(S) 
becomes more tractable in case that d is small enough so that the matrices with 
perman, -it equal to d can be easily identified. 
that the permanent of a (0, l)-matrix equals I 
can be permuted to give a triangular matrix 
order to determine 9(S) in this case. we oeed 
(9, 1)matrices with permanent equal to 4. 
We consider the case d = 1. Recall 
if and only if its rows and columns 
with l’s on the main diagonal. In 
to identify all fully indecomposable 
Lemma 8. Let A be a fully indecomposable (0, I)-matrix of order n which is not 
contractible. If per A = 4, then up to row and column permutations A is one of the 
five matrices : 
1 ? 
0011 
1 0 1 0 
[ 1 0 10 1’ 1 1 1 1 
p 1 1 0 l_ 
roof. Assume per A = 4. It follows from (19, (2) and the characterization of 
equality in (1) that a(A) = 2n + 2 and the row sums (respectively, column sums) 
are either 2, . . . ,2, 3, 3 or 2, . e . ,2,4. First, suppose that both the row sums 
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and column sums are 2, . . . ,2,3,3. We may assume A has the partitioned form 
2 
. . 
; 
. 
3 
3 
Since A is not contractable, each row and column of X contains at most one 1, 
and each 1 of X belongs to an all l’s submatrix J2 of A of order 2. Since A is fully 
indecomposable the J2’s corresponding to distinct l’s of X come from different 
rows and from different columns of A. Hence, there are at most two l’s in X. 
Moreover, by the full indecomposability of A again, X has at most one zero row 
and hence n d 5. The only possibilities for A are the first and last matrix given in 
the lemma. For the other three cases of row sums and column sums, a similar but 
easier argument shows that the only possibilities for A are the second, third or 
fourth matrix given in the lemma. Cl 
Theorem 9. Let S = { 1, c} where c is a positive integer. A matrix A belongs to 
P(S) if and only if its rows and columns can be permuted to obtain one of the 
folio wing matrices : 
Jn (n 23) (c = (n - l)!; M(A) = ((n - l)!)); (4) 
(~22; M(A)= {I}); (5) 
(c 22; M(A) = (1, c}); (6) 
-0 1 1 
1 1 1  (c = 2; M(A) = {1,2}). (7) -1 1 1 
Proof. For c as specified, the matrices J,,, EC, F and J2 belong to P(S). Now 
assume that A E P(S). If A has cons.tant permanental minors, then by Bspat [I$ 
(4) or (5) holds. We now assume that c 2 2 and that both 1 and c occur as 
permanental minors of A. In particular, per A > 2. Since some permanental 
minor of A equals 1, A has a row with exactly two l’s and per A is either c + 1 or 
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2~. First, suppose that per A - c + 1. Then each row and column of A has either 
two or c + 1 1’s. Because per A > 2, there exists both a row and column with 
c + 1 1’s. Thus, equality holds in (1) for both A and AT, and hence the row sums 
and column sums A are 2,2, . . . ,2, c + 1. Without loss of generality, we assume 
that the last row and column of A each have c + 1 1’s. Since A is fully 
indecomposable and not contractible, ad = aj,, = 1 for j = 1,2, . . . , n - 1. It 
follows that A@, n) is a permutation matrix. The noncontractibility of A also 
implies that a,, = 1. By permuting rows and columns of A we have (6). Now 
suppose that per A = 2c. Without loss of generality, we may assume that 
perA(l, 1) = 1 and A(l, 1) is a lower triangular matrix. Assume c > 2. Then n 3 3 
and the third row of A has at most three 1’s. The only way to express 2c as the 
sum of three or fewer integers from the set { 1, c} is 2c = c + c. Hence, the third 
row of A has exactly two l’s and their minors have value c. The second row of A 
has exactly two l’s and their minors each have value c. But then, A is contractible 
on the 1 in either the (3,1) or (3,2) position of A, contrary to our assumption. 
Hence if per A = 2c, then c = 2 and A is one of the matrices in Lemma 8. The last 
four matrices in Lemma 8 each have a permanental minor equal to 3. Hence, A 
has the form (7). Cl 
Theorem 1Q. Let c be an integer with c 2 2. A (0, I)-matrix A satisfies M(A) = 
( 1, c) if and only if after row and column permutations one of the following holds : 
(i) A equals or is contractible to EC. 
(ii) A equals or is contractible to F arid the submatrix of A determined by the 
rows and columns whose sums are 3 equals J2. 
Proof. Assume that M(A) = { 1, c}. By Theorem 9, A is equal or contractible to 
one of the matrices (4)-(7). If A is equal or contractible to J2, then M(A) = { 11. 
If A = Jn (n 3 3), then M(A) = {(n - l)!}. If J,, (n 3 3) is a contraction of A, then 
it follows from Lemma 5 that {(n - l)!, (n - l)(n - l)!} = M(A). Hence, A must 
be equal or contractible to EC or F. If A = EC, then M(A) = (1, c}. Suppose EC is 
a contraction of A. Then per EC = 1 + c, M(E,.) = { 1, c} and Lemma 6 imply that 
M(A) = { 1, c}. Suppose F is a contraction of A onto the submatrix A[a@]. Then 
per F = 4 and -M(F) = {1,2}. By Lemma 6, M(A) = {1,2} if and only if 
whenever the (u, v)-entry of F equals 1 and per F(u, v) = 1, the (u, v)-entry of A 
is also 1. The permanental minors of F with value 1 are precisely those 
corresponding to the l’s whose row and column each contain three 1’s. The 
theorem now follows. rl 
By Brualdi and Foregger [2, Theorem 3.31, a matrix is eoual or contractible to 
J2 if and only if each permanental minor equals 1, We now consider matrices 
contractible to J3. Since per J3 = 6, Lemma 6 impiies that if a matrix A is 
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contractible to J3, then M(A) c (2, 4). Thus, we first consider matrices A with 
M(A) E (2,4}. 
Lemma 11. Let A = [aii] be a (0, l)-matrix of order n with M(A) c {2,4}. Then 
per A S 8. If every row and column of A contains at least three l’s then A = J3. 
Proof. If some row or column of A contains exactly two l’s, then per A G 8. 
Assume every row and column contains at least three 1’s. First, suppose that 
some permanental minor, say per A(l, l), equals 2. Since all row and column 
sums of A are at least 3, up to row and column permutations A( 1, 1) equals 
Zn_1 + P,-1 and ali = ail = 1 (j = 2, 3, . . . , n). If n = 3, then A =J3. If n = 4, then 
per A(n, 1) = 3. If n 2 5, then per A(n, 1) 2 5. Hence, A = J3 and per A = 6 in 
this case. 
Now suppose that each permanental minor of A equals 4. Then each row and 
column of A has an equal number, k 2 3, of ones. By Lemma 1 we may assume 
that al1 = 1 and A( 1, 1) is fully indecompossbk. By Lemma 8, A( 1, 1) has a row 
with exactly two l’s and a(A(1, 1)) = 2n. We now conclude that k = 3 and that 
a(A) = 2n + 5. Hence 3n = 2n + 5 and n - 5. Up to row and column permuta- 
tions there are only two (0, l)-matrices of order 5 with exactly three l’s in each 
row and column and neither has all of its permanental minors equal to 4. Cl 
We now determine all (0, l)-matrices A which are not contractible and which 
satisfy M(A) c (2,4}. 
Theorem 12. Let S = {2,4}. A matric A be!ongs to 8(S) if and only ij’ the rows 
and columns of A or AT can be permuted to obtain one of the following matrices: 
b 1 
0 0 
1 1 
1 0 
0 1 
. 
(4 
J3 
0 
1 1 1 
1 1 . 
60 
‘0 0 0 1 1- 
01100 
1 1 0 1 0 
1 0 1 0 1 
0 1 1 1 1 
. . 
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(I9 
llOOO(! 
001100 
101010 
i 
010110 
101001 
010101 I 
ii0000 
001100 
110010 
001110 
1 1 0 0 0 1 
0 0 1 1 0 1 
Proof. It can be verified that each of the matrices given in the theorem is not 
contractible and each of its permanent31 minors equals 2 or 4. Let A be a 
noncontractible (0, l)-matrix with M(A) c (2, 4). Then A is fully indecomposable 
and by Lemma 11, per A s 8. Since M(A) E (2, 4)) per A E { 2,4,6, S}. Clearly, 
per A # 2. Because Lemma 8 implies that a fully indecomposable matrix with 
permanent equal to 4 has a permanental minor with value 1, per A # 4. First, we 
assume that per A = 6. Suppose there exist integers p and 4 such that apq = 1 and 
per A@, q) = 4. Then row p and column q of A have exactly two 1’s. Without 
loss of generality, p = q = 1 and a,, = al2 = a21 = 1. Because A is not contractible, 
a22 = 1. Since a22 = 1, any zero matrix of A( 1, 1) can be extended to a larger zero 
matrix of A by bordering it by zeros in the first row or column of A. Since A is 
fully indecomposable, so is A(l, 1). Each of the matrices, B, with permanent 
equal to 4 in Lemma 8 has the property that the row or the column of each 1 
contains an entry whose corresponding permanental minor has value 1. This 
property is also satisfied by any matrix contractible to B. Since A( 1, 1) is fully 
indecomposable and per A( 1, 1) = 4, A( 1, 1) is equal or contractible to one of 
these matrices B. Because the entry in the (1,l) position of A( 1, 1) is 1, the first 
row or column of A( 1, 1) contains an entry whose corresponding permanental 
minor in A(l, 1) equals 1. It follows easily that the permanental minor of that 
entry in A also equals 1, contradicting the assumption M(A) E { 2,4}. Hence, no 
permanental minor of a 1 of A equals 4. This implies that each row and column of 
A contains exactly three 1’s. By Lemma 11, A = J3. 
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Now assume that per A = 8. First, we show that A satisfies the following 
property: 
if p and q are integers uch that apq = 1 and there are exactly two l’s 
in row p (respectively, column q), then column q (respectively, row 
p) has exactly three 1’s. 
(*) 
Suppose that (*) is not satisfied for some p and q. Without loss of generality we 
assume that p = q = 1. We have per A( 1,l) = 4, and hence the first column of A 
has exactly two 1’s. Assume al2 = a21 = 1. Because A is not contractible, a22 = 1. 
As in the previous case, we obtain the contradiction that some permanental 
minor of A equals 1. Hence (*) holds. We also note that since A is not 
contractible, 
the l’s in two rows (respectively, columns) each of which contains 
exactly two l’s occur in distinct columns (respectively, rows). (**) 
By Lemma 11, there exists a row or column of A with exactly two 1’s. By 
replacing A with AT if necessary, we assume that some row of A has exactly two 
1’s. It follows that there are integers p and q such that there are exactly two l’s in 
row p, aps = 1, and per A(p, q) = 4. 
Case 1: A(p, q) is fully indecomposable. 
It follows from Lemma 8 that a(A (p, q)) = 2n. Thus o(A) = 2n + 4. Because 
a(A) = 2n + 4, there are at most two rows with sum 2 and at most four rows with 
sum greater than 2. Hence n d 6. By considering all the possibilities, one 
concludes that up to permutation of rows and columns A or AT is one of (b)-(h). 
Case 2: A(p, q) is partly decomposable. 
Without loss of generality p = q = 1 and 
A = [a,] = H * B2 ... 0 
‘1 G - 
B, 0 l a. 0 
. . . . . l . . . . . . 
* * l --- & 
- I 
where k 3 2, the unique 1 of G is in its last column, and B, , . . . , Bk are fully 
indecomposable. It follows from property (*) that the last column of Bk contains 
exactly two 1’s. It follows from (**) that the order of B, is greater that 1. We now 
conclude that per B, = per Bk = 2 (hence B1 and Bk have exactiy two i’s in each 
row and column) and B2, . . . , Bk_, are identity matrices of order 1. We also 
conclude from (**) that the order B, is at most 4 and Bk = J2. If k 3 4, it is not 
difficult to show that a,z_3,n_4 = 1 and A is contractible by the 1 in position 
(n - 3, n - 49. But now, either A(n - 1, n - 1) or A(n, n - 1) is a fully indecom- 
posable mat rrix with permanent 4 and hence A satisfies case 1 with p = n and 
q=n-lorp=n-landq=n-1. El 
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The only (0, I)-matrix A with M(A) = (2) is the 
(0, 1)-matrix A with M(A) = (4). For M(A) = {2,4} we 
matrix J3. There is no 
have the following. 
Theorem U. A (0, l)-matrix A satisfies M(A) = {2,4} if and only if after row and 
column permutations one of the following holds: 
(Q A is contractible to JS. 
(ii) A or AT is equal or contractible to one of the matrices (b)-(h), and the 
s&matrix of A determined by the rows and columns whose sums are at least three 
has exactly eight Vs. 
Proof. Let B be a (0, 1)-matrix with M(B) = {2,4}. By Lemma 5 and Theorem 
12, B is equal or contractible to one of the matrices (a)-(h). If B = J3, then 
M(B) = (2). If B is one of the matrices (b)-(h), then M(B) = {2,4}. We now 
identify those matrices A which are contractible to one of (a)-(h) and which 
satisfy M(A) = {2,4}, as those matrices satisfying (i) or (ii). Suppose A is 
contractible to one of (a)-(h). If per A = 6, then A is contractible to J3 and by 
Lemma 6, M(A) = {2,4}. Assume per A = 8. Then A is contractible to one of 
(b)-(h). For each of the matrices (b)-(h) there are eight l’s in the submatrix 
determined by the rows and columns whose sums are at least three and these l’s 
are precisely the I’s whose permanental minors equal 2. by Lemma 6, 
M(A) = {2,4) if and only if (ii) holds. Cl 
We now give an instance of a two element set {c, d} for which P({c, d}) = 0. 
The only one element sets S for which P(S) # 8 are S = {k!} for k b 1. In 
particular P((4)) and 9({5)) are both empty. We show that 9({4,5}) = $9. 
Theorem 14. There does not exist a (0, I)-matrix A of order n such that 
M(A) E (495). 
Proof. Suppose A = [a,] is a (0, l)-matrix of order n with M(A) c (4, 5). If 
A(l, 1) has at least three l’s in each row, then by the theorem of M. Hall (see i3j) 
per A(l, 1) 2 6 > 5. Thus, A(l, 1) has a row with at most two l’s and A has a row 
with at most three 1’s. Hence, per A s 3 l 5 = 15. Let ai (respectively, bi) be the 
number of j with aij = 1 and per A(i, j) = 4 (respectively, perA(i, j) = 5) 
(i=l,..., n). Since per A 615, ais and bis3 (i=l,..., n). We have 
per A = 4ai + 5bi (i = 1, . . . , n). In particular, 4ai + 5bi = 4aj + 5bj for all i, j = 
1,2, . . . , n. It follows that 5)ai - aj and 41bi - bi. But then ai = aj and bi = bj for 
i, j = 1, 2, . . . , n. Hence, A has constant row sums. Similarly, A has constant row 
sums. The only possibility is that A has three l’s in each row and column. By 
Lemma 1, there exist integers i and j with aij = 1 and A(i, j) fully indecomposable. 
BY (2)1 
5 2 per Aji, j) 2 a(A(i, j)) - 2(n - 1) + 2 = 3n - 5 - 2n + 4 = n - 1. 
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Thus n d 6. One now verifies that there does not exist an A of order n s 6 with 
M(A) c {4,5}. Cl 
4. Concluding remarks 
Let S be a finite set of nonzero integers and let P(S) denote the set of all 
(0, I)-matrices A such that M(A) c S and A is not contractible. We have 
determined B(S) in the cases: S = { 1, c}, c > 1; S = {2,4}, and S = {4,5}. 
Problem 1. Decide whether 9(S) is non-empty, and if 9(S) # 0, determine 
P(S)- 
Let k be an integer with 1~ k G n - 1 and let 
A=P,k+Pfk+=m=+Prk 
n 
m =gcd(n, k) * 
Since (Pi)A = A and A is a circ&? u1 t, it follows that the permanental minors of 
the l’s of A have a comma;: value c and the permanental minors of the O’s of A 
have a common value d. This example shows that P(S) is non-empty for many 
different sets S = {c, d}. 
It follows from Theorem 13 that a matrix A is contractible to J3 if and only if 
per A = 6 and M(A) = {2,4}. Let n > 4. If A is contractible to Jn, then per A = n ! 
and by Lemma 6, M(A) = {(n - l)!, (n - l)(n - l)!}. We conjecture that the 
converse holds. 
Problem 2. If perA =n! and M(A) = {(n - l)!, (n - l)(n - l)!}, is A 
contractible to J,? 
Let A be a (0, l)-matrix with M(A) = S. If B is a contraction of A, then 
M(B) c S. There may be no contraction B of A for which M(B) = S (for examp!e 
let A be the matrix in (3)). There may, however, exist a noncontractible matrix C 
such that M(C) = M(A) (see Theorem 12). 
Problem 3. If S is the set of permanental minors of a (0, I)-matrix A, is S the set 
of permanental minors of a noncontractible (0, 1)-matrix C? 
We note that the previous example shows that we cannot simply contract A to 
get C. In particular, C may have a different permanent han A. C may even have 
to have a larger order than A. 
Let 
h(n) = max{ IM(A)I: A is a (0, 1)-matrix of order n}, 
the largest number of different permanental minors possible for a (0, 1)-matrix A 
of order n. 
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Problem 4. What is the order of magnitude of h(n)? Is h(n) 2 cd+’ for some 
constant c and E > O? Is h(n) 2 cn2 for some constant 0 < c < l? 
Let a matrix of order n 2 2 be defined by 
A, = [ajj] = 
b i i i l =. i 
1 1 0 0 .*’ 0 
1 1 1 0 l ** 0 
. . . . . . . . . . . I . . . . . . 
1 1 1 1 .== 0 
J 1 1 1 .=* 1. 
The permanental minors of the l’s in the first row of A are, respectively, 
2O, 2’, . . . J 2n-2. The permanental minors of the l’s in the first column are, 
respectively, 2n-2, . . . , 2’, 2’. Consider a 1 in position (i, j) where n 3 i 2 j 2 2. 
Its nermmentai minor is Ym20i+i f i >j and 2n-2 - 1 if i = i. The nermanental rW”“-” -SW_- ., 1 
minor of the 0 in position (1,l) is 1. The permanental minor of the 0 in position 
(i,j) with 2~% jsn equals 2n+i-i-1 l yei? Thus A, has exactly 2n - 3 
different permanental minors. 
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